We investigate theoretically the model of two "qubits" system (one qubit having an auxiliary level) interacting with a single-mode resonator in the ultrastrong coupling regime. We show that a single photon could simultaneously excite two qubits without breaking the parity symmetry of system by properly encoding the excited states of qubits. The optimal parameter regime for achieving high probability approaching one is identified in the case of ignoring the system dissipation. Moreover, using experimentally feasible parameters, we also analyze the dissipation dynamics of the system, and present the realization of two-qubit excitation induced by single-photon. This work offers an alternative approach to realize the single-photon-induced two qubits excitation, which should advance the development of single-photon quantum technologies and have potential applications in quantum information science.
I. INTRODUCTION
The interaction of light and matter has been an attractive topic in quantum optics for the last few decades [1] . Cavity quantum electrodynamics (QED) studies the interaction of a quantized light field with a particular boundary condition in the cavity with materials (quantum dots, natural atoms, artificial atoms, etc.), in which the quantum nature of the light field affects the dynamics of the system [2] [3] [4] . Recently, the investigations of atomcavity interaction have been extended to the strong coupling regime, where the coupling rate exceeds the decays of atom and cavity. Cavity QED in the strong coupling regime is very promising for the preparation and measurement of arbitrary quantum states in a fully controlled manner. It also has potential applications in the realization of quantum gates and quantum networks. Such a regime has been experimentally reached in a variety of solid systems by replacing natural atoms with artificial atoms [5] [6] [7] [8] [9] [10] [11] [12] [13] , giving rise to the rapidly growing of the circuit QED. In this system, superconducting qubits even can strongly interact with a single-mode resonator with a coupling rate reaching the order of 0.1 of the field frequency, i.e., the ultrastrong coupling regime [14] [15] [16] [17] [18] [19] . Moreover, much higher values of coupling rate have been reached in the experiments in recent years [20, 21] . Recently, it is shown that three-photon resonance and single-photon-induced more atoms excitation could be realized in the ultrastrong coupling regime, which have potential applications in modern quantum technology [22] [23] [24] [25] [26] [27] .
For a cavity QED system under the ultrastrong coupling regime, the method including rotating-wave approximation (RWA) is no longer able to describe exactly the dynamics of the system when higher order atom-field * Electronic address: xinyoulu@hust.edu.cn † Electronic address: yingwu2@126.com resonant transition is involved. The presence of counterrotating terms in the interaction Hamiltonian can effect the collapse and revival behavior, single-scattering, and collective spontaneous emission in multiatom systems [28] [29] [30] [31] . Physically, counter-rotating terms correspond to excitation-number-nonconserving processes involving virtual photons, which making possible multiple excitations exchange between atoms and resonators. Like ordinary quantum Rabi oscillations, this process is reversible and coherent [22, [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . In the Rabi model, the system Hamiltonian satisfies Z 2 symmetry due to the presence of the terms a † σ † and aσ − . So the state space splits into two independent subspaces or parity chains. The transitions between states induced by rotating terms and counter-rotating terms can only occur in a certain parity chain, and the transition between the two parity chains is forbidden [43] [44] [45] . In this regime, one photon can only excite odd number two-level atoms at once. Recently, it has been shown that there exists a resonant coupling between one photon and two qubits via intermediate states governed by the counter-rotating terms in the ultrastrong coupling regime [23] . This process needs to break parity symmetry of the atomic potentials (i.e., the Z 2 symmetry of Hamiltonian is broken) [46, 47] , and the transition between two parity chains is realized. Then one question arises naturally. Whether two-qubit can be excited by a single photon without breaking the Z 2 symmetry of the system Hamiltonian.
Motivated by the above question, in this paper we introduce a circuit QED system which consists of a singlemode resonator strongly coupled to two superconducting "qubits". One of qubits has an auxiliary level due to its anharmonicity, which could be a phase qubit [48, 49] , capacitively shunted flux qubit [50, 51] or transmon qubit [52] . Under the situation that the frequency of resonator is approximately equal to the sum of the transition frequencies of two "qubits", we find a resonant coupling between two qubits and single-mode resonator, which allows the single-photon-induced two qubits excitation without breaking the system parity symmetry. This is arXiv:1801.04789v1 [quant-ph] 15 Jan 2018
Schematic of the system consists of two qubits are strongly coupled to a cavity mode. Here, ∆ and λj(j = A, B) are the anharmonicity of qubit A and the qubit-cavity coupling strength, respectively. The cavity frequency is denoted by ωc, qubits frequencies are ωA = ω f g + ω ef and ωB.
because, in our proposal, the two qubit excitation state and single photon state of field are in the same parity chain by introducing the auxiliary level into a superconducting qubit with anhamonicity. We also identify the optimal parameter regime for realizing the transition between single photon state and two qubits excitation even when the system dissipation is included. Our work shows that the two qubits could also be excited by a single photon simultaneously without breaking the Z 2 symmetry of the system Hamiltonian, which expands its applications in quantum information science.
Our paper is organized as follows. In Sec. II, we introduce the model and the system dynamics in two unconnected parity chains due to the Z 2 symmetry of Hamiltonian. In Sec. III, we demonstrate the existence of singlephoton-induced two qubits excitation without breaking Z 2 symmetry in our proposal by diagonalizing numerically the Hamiltonian. In Sec. IV, we present the singlephoton-induced two qubits excitation when the system dissipation is included. In Sec. V, we give conclusions of our work.
II. MODEL
As shown in Fig. 1 , we consider a single-mode resonator strongly coupled to two superconducting qubits. One of the superconducting qubits has a anhamonicity ∆, which leads to that three levels |g A , |f A , and |e A should be considered for qubit A. The Hamiltonian of this quantum system is given by ( = 1) [53] 
where
is the free Hamiltonian of cavity mode and the two qubits. H I describes the interaction between cavity mode and 
two qubits with [54]
Here, a and a † are, respectively, the annihilation and creation operator for the cavity mode with frequency ω c , ω A and ω B are qubits frequencies. ω f g (ω ef ) is the transition frequency between the states |f A (|e A ) and |g A (|f A ) of the qubit A. The transition between the levels |g A and |e A is forbidden due to the fact that they have the same parities in the superconducting qubit when the reduced magnetic flux is set as 0.5 [46] . We consider ω A = ω f g + ω ef and ω ef = ω f g + ∆.
The system Hamiltonian H has parity (or Z 2 ) symmetry with a well defined parity operator
Π|p = p|p (p = ±1), which measures an odd-even parity of the system dynamics, and the parity operator commutes with the Hamiltonian H. The system dynamics inside the Hilbert space is split into two unconnected parity chains, as displayed in Fig. 2 (a) [43] [44] [45] . States within each parity chain may be connected via either rotating or counter-rotating terms. Interestingly, in our model, the single photon state |g, g, 1 and the two qubit excitation state |e, e, 0 are in the same parity chain, i.e., odd chain. Then the rotating or counter-rotating terms of the system Hamiltonian enable many paths for realizing the single-photon-induced two-qubit excitation, i.e., |g, g, 1 → |e, e, 0 . Each path includes several virtual transitions via out of resonance intermediate states. Various coupling rates are obtained through different transition paths. Therefore all of paths should be considered in the calculation of the effective coupling rate between the states |g, g, 1 and |e, e, 0 [23] . There are six paths in the lower-order transition processes, one of the transition paths is displayed in Fig. 2(b) . In this transition process, the counter-rotating term a † |f A g| induces the transition |g, g, 1 → |f, g, 2 , while the rotating terms a|e B g| and a|e A f |, induce |f, g, 2 → |f, e, 1 and |f, e, 1 → |e, e, 0 , respectively. Here, higher-order processes can also be considered, which depending on the coupling strength λ. Since there are too many intermediate states in the higher-order process, when it has the same coupling strength as the low-order process, the effective coupling rate between the states |g, g, 1 and |e, e, 0 is weaker than that of the latter. The auxiliary energy level |f A is considered as an excess energy level in this process. Furthermore, we find that, if both qubits have auxiliary levels, the transition between the states |g, g, 1 > and |e, e, 0 > can be seen in the situation that the parity symmetry of atomic potential is broken [23] . However, in our proposal, this transition will not happen due to both of them are in two unconnected parity chains.
III. SINGLE-PHOTON-INDUCED TWO QUBITS EXCITATION WITHOUT DISSIPATION
We first consider that our system is designed to operate in the regime where the qubit-cavity detuning is large compared with the qubit-cavity coupling strength. Therefore, we have ω c − ω B λ j and ω c − ω A λ j (j = A, B). We are interested in the situation where the sum of the transition frequencies of two qubits is approximately equal to the frequency of the cavity mode, i.e., ω A + ω B ≈ ω c . In this parameter region, assuming λ A = λ B = λ = 0.1ω B , we can obtain the energy spectrum of the system by diagonalizing numerically the Hamiltonian in Eq. (1), H|ϕ n = E n |ϕ n . We indicate a part of the dependence of energy spectrum on the singlemode resonator frequency ω c in Fig. 3 . Here, we focus on the 5th and 6th eigenstates of Hamiltonian H. It is shown that the two levels display an avoided crossing around ω c /ω B = 2 with the value of the energy splitting 2Ω eff about 7.58 × 10 −4 ω B . The result is consistent with the effective coupling rate 6.83 × 10 −4 ω B , obtained by the standard third-order perturbation theory, i.e., Ω eff = [23]. This avoided crossing illustrates the presence of the resonant transition between the states |g, g, 1 and |e, e, 0 , which demonstrates that single-photon can induce two qubits excitation in our model. Here, the system Hamiltonian satisfies Z 2 symmetry.
Furthermore, we find that the change of energy level |ϕ 5 by the inclined line part and the flat line part of it 
FIG. 3:
The energy levels E6/ωB and E5/ωB versus the cavity frequency ωc/ωB. Here, we consider a normalized coupling rate λ/ωB = 0.1. we used ωA = ωB, ω f g = (ωB − ∆)/2 and ∆ = 0.4ωB. The black arrows indicate an avoided-level crossing.
in Fig. 3 , which reflects that |ϕ 5 changes from |g, g, 1 to |e, e, 0 as ω c /ω B increases. For energy level |ϕ 6 , the change is reversed. The energy splitting clearly shows the hybridizations of the states |g, g, 1 and |e, e, 0 . Note that the hybrid states can be given approximately by |a = (|g, g, 1 + |e, e, 0 )/ √ 2 and |b = (|g, g, 1 − |e, e, 0 )/ √ 2. The fidelities F a = | a|ϕ n | and F b = | b|ϕ m | can get by numerically calculating the Hamiltonian H. Here, |ϕ n and |ϕ m are two adjacent eigenstates of Hamiltonian that maximize F a and F b . In Fig. 4(a) , we show that the dependence of the fidelities F a and F b on ∆/ω B when λ A = λ B (the main part) and λ A = λ B (the insert). Comparing the main part and insert of Fig. 4(a) , it is shown that our results are robust to the deviation in the couplings between the qubits and the resonator. Therefore, we could always consider λ A = λ B = λ for later discussion. Moreover, we find that the fidelities F a and F b both are greater than 0.984 within the given parameter range. Fig. 4(b) shows that both F a and F b are greater than 0.95 for λ/ω B < 0.178. The bigger λ/ω B is, the lower the fidelities are. This is because when the interaction strength is too high, the eigenstates of the system Hamiltonian will be seriously dressed due to the nonlinearity of the qubits so that they can not be approximately given by bare states [22] . For a weaker value of λ/ω B , a high fidelity is obtained. But it also makes the effective coupling strength 2Ω eff /ω B smaller, which corresponds to a small transition speed between |g, g, 1 and |e, e, 0 . So it is not beneficial to have a very small value of λ/ω B . In the limit of λ/ω B = 0, there is no coupling between the qubits and resonator. Then the transition between the initial state and target state will disappear. Based on the definition of fidelities, the corresponding fidelities are F a = F b = 1/ √ 2 in this case. 
IV. SINGLE-PHOTON-INDUCED TWO QUBITS EXCITATION WITH DISSIPATION
We consider the coupling of the system to the environment with the interaction Hamiltonian
where α µ,ν is the system-bath coupling strength, µ marks the cavity mode or the transitions of the qubits. s µ is the photon operator or the lowering operator in the system, and b µν (b † µν ) is the annihilation (creation) operator for the bath mode µν with frequency ω ν [38] . In order to describe properly the dynamics of the system, we calculate the influence of decay of cavity field and qubits on the time evolution of the mean photon number and the twoqubit occupation probability in their excited states. We adopt the master equation approach to calculate the dynamics of the system. By applying the standard Markov approximation, we derive the master equation for tracing out the environment degrees of the freedom,
with the superoperator L is expressed as
Here, we write the system-bath interaction Hamiltonian H sb in the basis formed by the eigenstates of H, E m > E n for m > n. We consider the temperature of environment to be zero (T = 0). For simplicity, we assume α µ,ν and the spectral density of bath at the transition frequency to be constant. κ is the decay rate of the single-mode cavity, γ A l,k (l, k = e, f, g) is the relaxation rate the energy levels from |l A to|k A , and γ B eg is the relaxation rate the energy levels from |e B to|g B .
In the ultrastrong coupling regime, quantum optical normal order correlation functions fail to describe photon detection experiments properly. It has been shown that, for a single-mode resonator, the output photon rate can be detected by a photoabsorber. It is proportional to X − X + , i.e., X − X + ∝ a † a , where X + and X − are the positive frequency and negative frequency component of the quadrature operator X = a + a † , respectively [38, 55] . X + can be expressed as
where X nm = ϕ n |(a † + a)|ϕ m and X − = (X + ) † . Considering the RWA or in the large-detuning limit, X − and X + coincide with a † and a, respectively.
The output photon flux coming out of the cavity can be expressed as
Similarly, in the ultrastrong coupling regime, the qubits emission rate can be detected by coupling the qubit to an additional microwave antenna. The result is proportional to C − C + , where C + and C − are the positive frequency and negative frequency component of the qubit operator, respectively. C + i can be expressed as
Considering the RWA or in the large-detuning limit, C with the relaxation coefficients can be given by
We numerically calculated the dynamics of the system in Fig. 5 . It is shown that the time evolution of the cavity mean photon number a † a , the occupation probability of qubit A in the excited state P e A , and the two-qubit occupation probability in their excited states P e AB . We find that the excitation exchange between the single-mode resonator and two qubits is reversible. Fig. 5(a) displays that the qubits reach fully the state |e, e AB with a probability approaching to one without including the cavity field damping and qubits decay. In particular, we observe that the time evolution curves of P e A and P e AB almost coincide during this process. The almost perfect two-qubit excitation demonstrates the presence of single photon induced two-qubit excitation in our model. Moreover, we also see that a † a hardly ever goes to zero when p e AB has maximal value. The reason for this behavior is that two-qubit excited state acquires a dipole transition matrix element to emit photons. So this transition process induces its coupling with single-photon state [23] . The influence of cavity field damping and qubits de-
The effective coupling rate between the states |g, g, 1 and |e, e, 0 versus λ/ωB and ∆/ωB. The dashed lines correspond to the parameter regime for implementing the energy splitting 2Ω eff /ωB = 5 × 10 −4 . The system parameters used here are: ωA = ωB, ω f g = (ωB − ∆)/2. cay on the system dynamics has been shown in Figs. 5(b) and 5(c). In contrast to Figs. 5(b) and 5(c), we find that the two-qubit excitation loss increases as the rate of cavity field damping and qubit decay increase. It can be predicted that, if the rates continue to increase, photon and qubits will not exchange excitation obviously. The reason is that the system dissipation so fast that the interaction between the cavity field and qubits is just beginning, however, the regime has collapsed heavily.
In Fig. 6 , we present the dependence of the maximum difference between P e AB and a † a in a period of time on the coupling strength λ/ω B , which indicates the optimal regime (i.e., the green circles in Fig. 6 ) for obtaining single-photon-induced two qubit excitation in our model. We find that, both the coupling strength λ/ω B and the anharmonicity of qubit A have an influence on the maximum difference. Moreover, with the increase of qubit-cavity coupling strength, the maximum difference shows the trend of increasing first and then decreasing. We also find that the maximum difference is close to zero when λ/ω B is very small. The reason is that, the excitation exchange has not yet started, but the system has been dissipated due to high dissipation rate and low value of the energy splitting 2Ω eff /ω B between the states |g, g, 1 and |e, e, 0 . We show the dependence of 2Ω eff /ω B on λ/ω B and ∆/ω B in Fig.7 . The dashed lines indicate the effective coupling rate with a value 2Ω eff /ω B = 5 × 10 −4 . We see that, in the regime with a small coupling strength λ/ω B , the effective coupling rate has weak values, which correspond to small values of the maximum difference in Fig. 6 . It is also seen that the maximum value of 2Ω eff /ω B is obtained at the region of large coupling strength λ/ω B and anharmonicity ∆/ω B (blue area). However, when the coupling strength is too high, the eigenstates of the Hamiltonian H will be heavily dressed so that the resonance coupling occurred between the states |g, g, 1 and |e, e, 0 is difficult [22] . So the curves of the maximum difference show a downward trend with the increase of coupling strength in Fig.6 . For some values of ∆/ω B , the effective coupling rate is very small even when the system is in the large coupling strength region. This is because the contributions of higher order transition processes are main here. Then, the optimal regime shown in Fig. 6 originally comes from the competition between the transition |g, g, 1 → |e, e, 0 decided by the coupling strength λ/ω B and the dissipation of the system. From Fig. 6 , we also observe that this optimal regime is controllable by manipulating the anhamonicity of the qubit A, which is experimentally accessible [54] .
V. CONCLUSION
In summary, we have proposed a method for achieving single-photon-induced two qubits excitation in a cavity QED system whose Hamiltonian has conserved Z 2 symmetry. The considered system includes a resonator and two qubits, and one of qubits has three levels due to its anharmonicity. We have studied the influence of system parameters including this anharmonicity on the realization of single-photon-induced two-qubit excitation, and the optimal regime is identified. We have also shown that the influence of the rate of cavity field damping and qubits decay on the single-photon-induced two-qubit excitation by the master equation approach. The competition between the state transition and system dissipation ultimately present the optimal regime for obtaining single-photon-induced two-qubit excitation in practice. This work provides a new perspective for the interaction between light and matter and has potential applications in quantum information science.
